Moving unstable particles and special relativity by Stefanovich, Eugene V.
ar
X
iv
:1
80
1.
01
54
9v
1 
 [p
hy
sic
s.g
en
-p
h]
  1
 Ja
n 2
01
8
Moving unstable particles and special relativity
Eugene V. Stefanovich∗
Mountain View, California, USA
In Poincare´-Wigner-Dirac theory of relativistic interactions, boosts are dynamical. This means
that – just like time translations – boost transformations have non-trivial effect on internal variables
of interacting systems. This is different from space translations and rotations, whose actions are
always universal, trivial and interaction-independent. Applying this theory to unstable particles
viewed from a moving reference frame, we prove that the decay probability cannot be invariant with
respect to boosts. Different moving observers may see different internal compositions of the same
unstable particle. Unfortunately, this effect is too small to be noticeable in modern experiments.
I. INTRODUCTION
Time dilation is one of the most spectacular predic-
tions of special relativity. It means that any time-
dependent process slows down by the universal factor
of 1/
√
1− v2/c2 ≡ cosh θ, when viewed from a refer-
ence frame moving with the speed v [1]. The textbook
example of such a time-dependent process is the decay
law Υ(0, t) of an unstable particle at rest. The function
Υ(0, t) is the probability of finding the unstable particle
at time t, if it was prepared with 100% certainty at time
t = 0. Then, according to special relativity, the decay
law of a moving particle should be cosh θ times slower
ΥSR(θ, t) = Υ(0, t/ coshθ) (1)
Indeed, this prediction was confirmed in numerous mea-
surements [2–5]. The best accuracy of 0.1% was achieved
in experiments with relativistic muons [6, 7].
However, the exact validity of (1) is still a subject of
controversy. One point of view [8–10] is that special-
relativistic time dilation was derived in the framework of
classical theory and may not be directly applicable to un-
stable particles, which are fundamentally quantum sys-
tems without well-defined masses, velocities, positions,
etc.
However, such a quantum clock as an unsta-
ble particle cannot be at rest (i.e., cannot have
zero velocity or zero momentum) and simulta-
neously be at a definite point (due to the quan-
tum uncertainty relation). So, the standard
derivation of the moving clock dilation is in-
applicable for the quantum clock. The related
quantum-mechanical derivation must contain
some reservations and corrections. M. I. Shi-
rokov [11]
Indeed, detailed quantum-mechanical calculations [9,
11–13] suggest that (1) is not accurate, and that correc-
tions to this formula should be expected, especially at
large times exceeding multiple lifetimes (t ≫ 1/Γ). Al-
though, these corrections are too small to be observed in
modern experiments, their presence casts doubt on the
limits of applicability of Einstein’s special relativity.
Unfortunately, the results [9, 11–13] were derived un-
der certain assumptions and approximations. So, the
question remains whether one can design a relativistic
model in which the decay slowdown will acquire exactly
the form (1) demanded by special relativity [14, 15]?
In order to answer this question we will analyze the
status of interactions in special relativity from a more
general point of view. We are going to prove that un-
der no circumstances the decay law of a moving particle
transforms under boosts exactly as in (1).
II. MATERIALS AND METHODS
A. Inertial transformations
The theory of relativity is supposed to connect views
of different inertial observers. The principle of relativ-
ity says that all such observers are equivalent, i.e., two
inertial observers performing the same experiment will
obtain the same results.
There are four classes of inertial transformations
– space translations, time translations, rotations and
boosts – and their actions on observed systems differ very
much (see Table I). For example, describing results of
space translations and rotations is very easy. An observer
displaced by the 3-vector a sees all atoms in the Universe
simply shifted in the opposite direction −a. This shift
is absolutely exact and universal. It applies to all sys-
tems, however complicated. The same can be said about
rotations. One can switch to the point of view of the
rotated observer by simply rotating all atoms in the Uni-
verse. For example, rotation through the angle ϕ about
the z-axis results in the following transformation of co-
ordinates
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TABLE I. Inertial transformations.
Transformation Type Parameter Generator Meaning of generator
Space translation kinematical distance a P = P 0 Total momentum
Rotation kinematical angle ϕ J = J0 Total angular momentum
Time translation dynamical time t H = H0 + V Total energy (Hamiltonian)
Boost dynamical rapidity θ K =K0 +Z Boost operator
FIG. 1. Light clock: (a) at rest, (b) in motion perpendicular
to the clock’s axis.
x′ = x cosϕ− y sinϕ (2)
y′ = y cosϕ+ x sinϕ (3)
z′ = z (4)
which is independent on the composition of the observed
system and on its interactions. Due to this exact univer-
sality, we can regard space translations and rotations as
purely geometrical or kinematical transformations.
Time translation is also an inertial transformation, be-
cause repeating the same experiment at different times
will not change the outcome. However, this transforma-
tion is by no means kinematical. Time evolutions of inter-
acting systems are very complicated. Their descriptions
require intimate knowledge of the systems’ composition,
state and interactions acting between systems’ parts. We
will say that time translations are dynamical transforma-
tions.
Now, what about boosts? Are they kinematical or dy-
namical? In non-relativistic classical physics boosts are
definitely regarded as kinematical – they simply change
velocities of all atoms in the Universe. However, things
become more complicated in relativistic physics, as we
will see below.
B. Boosts in special relativity
Description of boost transformations is the central sub-
ject of special relativity. Einstein based his approach on
the already mentioned relativity postulate and on his sec-
ond postulate about the invariance of the speed of light.
It is remarkable how all results of special relativity can
be derived from these two simple and undeniable state-
ments.
FIG. 2. Light clock: (a) at rest and (b) in motion parallel to
the clock’s axis. The time evolution is shown in three frames
stacked up vertically.
Consider the light clock shown in Fig. 1(a). It con-
sists of two parallel mirrors and the light pulse reflecting
back an forth between them. The period of the clock at
rest is equal to τ = 2t = 2l/c. If the clock is moving, as
in Fig. 1(b), the distance traveled by the light pulse in-
creases to l′ = 2ct′ = 2
√
l2 + (vt′)
2
. Solving this system
of equations with respect to the clock period we obtain
τ ′ = 2t′ = τ/
√
1− v2/c2 = τ cosh θ (5)
So, the moving clock goes cosh θ times slower than the
clock at rest. This is the time dilation effect that we used
in Eq. (1).
Let us now consider the same clock oriented parallel
to its velocity, as in Fig. 2. The clock’s rate should
not depend on its orientation, so we already know the
period of the moving clock (5). Assuming the invariance
of the speed of light, this period can be achieved only
if the distance between the two mirrors decreases. The
corresponding system of equations is
τ ′ = t1 + t2 = (l
′ + vt1)/c+ (l
′ − vt2)/c
Solving with respect to l′, we obtain the familiar length
contraction formula
l′ = l
√
1− v2/c2 = l/ cosh θ (6)
Formulas (5) and (6) already imply that no material
object can move faster than the speed of light. Otherwise,
the factor
√
1− v2/c2 would become imaginary, which is
absurd.
We can also make a clock, in which, instead of the
light pulse, we have a massive steel ball reflecting be-
tween the two mirrors. The ball’s speed w is less than c,
and the speed invariance postulate does not apply to w.
Nevertheless, we expect this clock to obey the same time
dilation and length contraction rules as derived above.
Then, for consistency, we have to modify the velocity
transformation law. For example, if the resting clock in
Fig. 2(a) had ball’s velocities ±w, then the moving clock
in Fig. 2(b) should have velocities
w1 =
w + v
1 + wv/c2
w2 =
−w + v
1− wv/c2
Indeed, it is not difficult to verify that these values solve
the system of equations
w1t1 = l
′ + vt1
−w2t2 = l
′ − vt2
t1 + t2 = (2l/w) cosh θ
that describe the movement of the ball during one clock
period.
Special relativity textbooks explain how all these par-
ticular results follow from Lorentz transformation for-
mulas for the times and positions of events. For exam-
ple, any event having 4-coordinates (t, x, y, z) in the rest
frame, will have other 4-coordinates
t′ = t cosh θ − (x/t) sinh θ (7)
x′ = x cosh θ − ct sinh θ (8)
y′ = y (9)
z′ = z (10)
in the frame moving with velocity v = c tanh θ along the
x-axis. The linear character and the exact universality of
these formulas reminds transformations of 3-coordinates
under rotations (2) – (4). So, it is tempting to con-
tinue this analogy and to introduce the idea of the 4D
Minkowski space-time, whose points constitute physical
events, and where boosts are represented by purely geo-
metrical (kinematical) pseudo-rotations.
However, it is important to note that all the above
derivations used model systems without interactions. Of
course, reflections of light pulses or steel balls from
the mirrors do involve interactions, but in our idealized
thought experiments we can assume that these processes
take negligibly short times. The second Einstein’s postu-
late is, actually, applicable only to light pulses and events
associated with them. So, strictly speaking, we are not
allowed to extend results of special relativity beyond cor-
puscular optics. However, one can show [16] that Lorentz
transformations (7) – (10) can be also extended to events
– such as intersections of particle trajectories – involving
massive non-interacting particles, e.g., our steel ball and
mirrors.
How can we be confident that the same conclusions
apply to interacting systems? For example, what if the
steel ball is bouncing between plates of a charged capac-
itor? Can we be sure that Lorentz formulas (7) – (10)
still apply?
Here we meet the following fork in the road. On one
hand, we can postulate that the laws of special relativity
established above are valid independent of interactions.
Then boosts should be rigorously kinematical, just as
space translations and rotations. This non-obvious pos-
tulate is tacitly assumed in all textbooks. In particular, it
was used in numerous attempts [17–23] to derive Lorentz
transformations from the first Einstein postulate only.
Alternatively, we can assume that, similar to time
translations, boosts are dynamical, i.e., they involve in-
teractions, and their actions cannot be expressed by sim-
ple universal formulas, like (7) – (10). We will discuss
these two possibilities in section III. However, before do-
ing that, in the next three subsections, we are going to
recall the fundamentals of relativistic quantum theory pi-
oneered by Wigner and Dirac. This theory is based on
the extremely important fact that inertial transforma-
tions form the Poincare´ group.
C. Representations of the Poincare´ group in
quantum mechanics
We are interested in application of inertial transfor-
mations to quantum systems. Properties of such systems
are described by objects in the Hilbert space H , e.g.,
state vectors (wave function) and Hermitian operators of
observables. So, we have to define the action (or rep-
resentation) of inertial transformations in H . Opera-
tors of this representation Ug must preserve quantum-
mechanical probabilities, so these operators have to be
unitary [24]. This brings us to the classical mathemat-
ical problem of constructing unitary representations Ug
of the Poincare´ group in the given Hilbert space H [25].
Important role is played by the so-called “infinitesimal
transformations” or generators. They are represented by
Hermitian operators in H (see Table I). Unitary repre-
sentatives Ug of finite transformations can be expressed
by exponential functions of the Hermitian generators.
For example, a general inertial transformation consisting
of (boost θ) × (rotation ϕ) × (space translation a) ×
(time translation t) is represented by the following prod-
uct of unitary exponents
Ug = e
−
ic
~
K·θe−
i
~
J·ϕe−
i
~
P ·ae
i
~
Ht
Commutators of the Hermitian generators are fully de-
termined by the structure of the Poincare´ group [26, 27]
[Ji, Pj ] = i~
3∑
k=1
ǫijkPk (11)
[Ji, Jj ] = i~
3∑
k=1
ǫijkJk (12)
[Ji,Kj] = i~
3∑
k=1
ǫijkKk (13)
[Pi, Pj ] = [Ji, H ] = [Pi, H ] = 0 (14)
[Ki,Kj] = −
i~
c2
3∑
k=1
ǫijkJk (15)
[Ki, Pj ] = −
i~
c2
Hδij (16)
[Ki, H ] = −i~Pi (17)
D. Hilbert space of unstable particle
According to Wigner [25, 27], the Hilbert space H (i)
of each stable elementary particle carries an unitary ir-
reducible representation U
(i)
g of the Poincare´ group. The
Hilbert space of an N -particle system is constructed as
a tensor product (with proper (anti)symmetrization) of
one-particle spaces
H
N = H (1) ⊗H (2) ⊗ . . .⊗H (N) (18)
In the formalism with varied numbers of particles (e.g., in
quantum field theory), one builds the Fock space as the
direct sum of spaces (18) with fixed numbers of particles.
For example, in a good approximation one can describe
the unstable particle α with one decay channel α→ β+γ,
in the part of the Fock space, which includes the particle
α itself and its decay products β + γ
H = H (α) ⊕
(
H
(β) ⊗H (γ)
)
The probability of finding the unstable particle α in
any state is defined as the square of the projection of the
state vector |Ψ〉 ∈ H on the subspace H (α). Equiva-
lently, this probability can be expressed as the expecta-
tion value of the Hermitian projection T on the subspace
H (α)
TH (α) = H (α)
Υ = 〈Ψ|T |Ψ〉
Then, the decay law – the time evolution of the proba-
bility Υ – is obtained as
Υ(0, t) =
〈
Ψ
∣∣∣e i~HtTe− i~Ht
∣∣∣Ψ
〉
(19)
E. Interacting representation of the Poincare´ group
To perform decay calculations with formula (19), we
have to specify the Hamiltonian H in the Hilbert space
H . In order to keep the relativistic invariance, this
Hamiltonian should be consistent with other Poincare´
generators, i.e., commutation relations (11) – (17) have
to be satisfied.
Using available 1-particle irreducible representations
U
(α)
g , U
(β)
g , U
(γ)
g , one can easily construct one valid rep-
resentation of the Poincare´ group in H
U0g ≡ U
(α)
g ⊕
(
U (β)g ⊗ U
(γ)
g
)
It is appropriate to call this representation “non-
interacting,” because its generators {P 0,J0,K0, H0}
take the form corresponding to free particles. Appar-
ently, in this case, the subspace Hα remains invariant
with respect to all inertial transformations. In particu-
lar, non-interacting translation generators commute with
the projection T
[T,H0] = 0
[T,P 0] = 0 (20)
According to Dirac [26, 27], one can introduce rela-
tivistic interaction by defining in H a new unitary rep-
resentation Ug 6= U
0
g of the Poincare´ group with gener-
ators {P ,J ,K, H}. Referring to our understanding of
the kinematical/dynamical character of transformations
from subsection IIA, we can immediately conclude that
generators of space translations and rotations coincide
with their non-interacting counterparts
P = P 0 (21)
J = J0 (22)
while the generator of time translations contains a non-
trivial interaction term V
H = H0 + V
(see Table I). It is important to note that the Hermitian
projection T cannot commute with this interaction and
with the total Hamiltonian H
[T,H ] = [T, V ] 6= 0 (23)
Indeed, only in this case, the decay law is a non-trivial
function of time
Υ(0, 0) = 〈Ψ|T |Ψ〉 = 1
Υ(0, t > 0) =
〈
Ψ
∣∣∣e i~HtTe− i~Ht
∣∣∣Ψ
〉
< 1
as required for any unstable particle.
A Poincare´-Wigner-Dirac relativistic quantum descrip-
tion of any isolated interacting system is constructed in
a similar manner. In the Hilbert space H of the sys-
tem one defines 10 Hermitian generators {P 0,J0,K0 +
Z, H0 +V } with commutators (11) – (17). These opera-
tors not only specify the basic total observables of the sys-
tem, but also determine how the results of observations
transform from one inertial system to another. Moreover,
one can switch to the classical relativistic description by
taking the limit ~ → 0 and considering only states de-
scribable by localized quasiclassical wave packets, which
can be approximated by points in the phase space. In
this limit, observables are replaced by real functions on
the phase space, quantum commutators are represented
by Poisson brackets, and time evolution is approximated
by trajectories in the phase space [28, 29].
III. RESULTS AND DISCUSSION
A. Kinematical boosts
As we mentioned at the end of subsection II B, Ein-
stein’s special relativity assumes that boost transforma-
tions can be represented by exact Lorentz formulas (7) –
(10), which are valid universally for all events and physi-
cal systems, independent on their state, composition, and
involved interactions. In other words, in special relativity
boosts are kinematical.
In classical relativistic physics, this hypothesis is
known as the condition of “invariant trajectories” or
“manifest covariance”. The well-known Currie-Jordan-
Sudarshan theorem [30] states that this condition is not
compatible with the Hamiltonian description of dynam-
ics presented in the previous section. In other words, a
Poincare´-invariant theory with invariant trajectories can
exist only in the absence of interactions. This explains
the name “no-interaction theorem” often used for the
Currie-Jordan-Sudarshan result. Several options were
tried in the literature for explaining this paradox.
One idea was that Hamiltonian dynamics is not suit-
able for describing relativistic interactions. Instead, vari-
ous non-Hamiltonian theories were offered [31–36], which
deviated from the Poincare´-invariant Wigner-Dirac ap-
proach. So far, the predictive power of these theories
remains rather limited.
Another idea is to abandon particles and replace them
by (quantum) fields [37–41], because “there are no par-
ticles, there are only fields” [42]. This approach goes as
far as claiming that there is no point in discussing such
things as observables (positions and momenta) of inter-
acting particles, their wave functions, and also their time
evolutions in the interacting regime.
The more one thinks about this situation, the
more one is led to the conclusion that one
should not insist on a detailed description of
the system in time. From the physical point
of view, this is not so surprising, because in
contrast to non-relativistic quantum mechan-
ics, the time behavior of a relativistic system
with creation and annihilation of particles is
unobservable. Essentially only scattering ex-
periments are possible, therefore we retreat to
scattering theory. One learns modesty in field
theory. G. Scharf [43]
The foregoing discussion suggests that the
theory will not consider the time dependence
of particle interaction processes. It will show
that in these processes there are no charac-
teristics precisely definable (even within the
usual limitations of quantum mechanics); the
description of such a process as occurring in
the course of time is therefore just as unreal
as the classical paths are in non-relativistic
quantum mechanics. The only observable
quantities are the properties (momenta, po-
larizations) of free particles: the initial par-
ticles which come into interaction, and the
final particles which result from the process
(L. D. Landau and R. E. Peierls, 1930). V.
B. Berestetski˘ı, E. M. Livshitz and L. P.
Pitaevski˘ı [44]
We cannot accept this point of view, because it has
nothing to say about such interacting time-dependent
system as the unstable particle.
B. Dynamical boosts
Our preferred way to resolve the Currie-Jordan-
Sudarshan controversy is to accept that boost transfor-
mations are dynamical. Actually, it was mentioned even
in the original Dirac’s paper [26] that in a theory with
kinematical space translations (21) and rotations (22),
boosts must depend on interactions. Indeed, if we assume
that boosts are kinematical (Z = 0), then we obtain from
(16)
H =
ic2
~
[Kx, Px] =
ic2
~
[(K0)x, (P0)x] = H0
the absurd proposition that interaction in the Hamilto-
nian must vanish (V ≡ H − H0 = 0). Therefore, we
should have V 6= 0, Z 6= 0, which means that we are
working in the instant form of dynamics, according to
Dirac’s classification [26].
C. Decays caused by boosts
Our conclusion about the dynamical character of
boosts disagrees with the usual special-relativistic “geo-
metrical” view on boosts. In particular, we can no longer
claim that
Any event that is “seen” in one inertial system
is “seen” in all others. For example if observer
in one system “sees” an explosion on a rocket
then so do all other observers. R. Polishchuk
[22]
Returning to our example of unstable particle, we can
say that when the observer at rest sees the pure unstable
particle α, moving observers may see also its decay prod-
ucts β + γ with some probability. We can prove an even
stronger statement: If all (both resting and moving with
different rapidities θ) observers see the unstable particle
α at t = 0 with 100% probability
Υ(θ, 0) = 1 (24)
then this particle is stable with respect to time transla-
tions as well.
Suppose that Eq. (24) is true, i.e., for any |Ψ〉 ∈ Hα
Υ(θ, 0) =
〈
Ψ
∣∣∣e− ic~ KxθTe ic~ Kxθ
∣∣∣Ψ
〉
= 1
This means that all boosts leave the subspace Hα invari-
ant
e
ic
~
Kxθ|Ψ〉 ∈ Hα
and that the interacting boost operator Kx commutes
with the projection T . Then commutators (16), (20) and
the Jacobi identity imply
[T,H ] = −
ic2
~
[T, [Kx, P0x]]
=
ic2
~
[Kx, [P0x, T ]] +
ic2
~
[P0x, [T,Kx]] = 0
which contradicts the fundamental property (23) of un-
stable particles. To resolve this contradiction, we have
to admit that the boosted state e
ic
~
Kxθ|Ψ〉 does not cor-
respond to the particle α with 100% probability. This
state must contain an admixture of decay products even
at the initial time t = 0
e
ic
~
Kxθ|Ψ〉 /∈ Hα
Υ(θ, 0) < 1, for θ 6= 0 (25)
This is the “decay caused by boost” [12, 13, 45], which
means, among other things, that special-relativistic for-
mulas (1) and (24) are inaccurate, and that boosts have
a nontrivial effect on the internal state of the unstable
particle.
D. Discussion
Here we discussed the dynamical effect of boosts on
unstable particles (25). However, similar non-traditional
effects should be visible also in other interacting systems,
even in classical (non-quantum) ones [46]. In order to ver-
ify these predictions, one has to look at composite inter-
acting systems, where interaction acts for a sufficiently
long time. Unfortunately, most experimental checks of
special relativity [47–49] do not satisfy these criteria. For
example, dynamical boosts do not change the relativistic
kinematics (the relationships between momenta, veloci-
ties and energies of free particles) in collisions, reactions
and decays. Likewise, dynamical boosts do not affect
Doppler type experiments [50, 51], which measure the
frequency (energy) of light and its dependence on the
motion of the source or the observer. Michelson-Morley
type experiments [52–54], studying the invariance of the
speed of light, are not affected as well.
The time dilation experiments with unstable particles
[2–5] are exceptional, because they study systems that
are under the action of interaction during sufficiently
long time. Unfortunately, predicted deviations from the
special-relativistic time dilation formula (1) are too small
to be observed. One can also see that the “decay caused
by boost” effect is also very small and beyond the capa-
bilities of modern techniques [13].
Perhaps, the most convincing evidence for the dynam-
ical character of boosts was obtained in the Frascati ex-
periment [55–57], which established the superluminal dy-
namics of the electric field of relativistic charges. This
observation was explained from the point of view of the
Poincare´-Wigner-Dirac theory in [28, 58, 59].
IV. CONCLUSIONS
We applied Poincare´-Wigner-Dirac theory of relativis-
tic interactions to unstable particles. In particular, we
were interested in how the same particle is seen by differ-
ent moving observers. We proved that the decay proba-
bility cannot be invariant with respect to boosts. Differ-
ent moving observers may see different internal compo-
sitions of the same particle. Unfortunately, this effect is
too small to be visible in modern experiments.
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